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Abstract
We study the structure of the set of nilpotent elements in Armendariz rings and introduce nil-Armendariz
as a generalization. We also provide some new examples by proving that if D is a K-algebra and n  2,
the coproduct D ∗K K〈x | xn = 0〉 is Armendariz if and only if D is a domain with K \ {0} as its group
of units. Finally we study the conditions under which the polynomial ring over a nil-Armendariz ring is
nil-Armendariz, which is related to a question of Amitsur.
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1. Introduction
In [1], Rege and Chhawchharia introduce the notion of an Armendariz ring. A ring R is
Armendariz if whenever f (x)g(x) = 0 where f (x) = a0 + a1x + · · · + anxn and g(x) = b0 +
b1x + · · · + bmxm ∈ R[x], then aibj = 0 for each i and j . The name of the ring was given
due to E. Armendariz who proved in [2] that reduced rings (i.e. rings without nonzero nilpotent
elements) satisfied this condition. Armendariz rings are thus a generalization of reduced rings,
and therefore, nilpotent elements play an important role in this class of rings. There are many
examples of rings with nilpotent elements which are Armendariz. In fact, in [3], Anderson and
Camillo proved that if n 2, then R[x]/(xn) is an Armendariz ring if and only if R is reduced.
In [4], Liu and Zhao introduce weak Armendariz rings as a generalization of Armendariz rings.
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of their coefficients is nilpotent. This further motivates the study of the nilpotent elements in this
class of rings. What we observe is that in all the examples found in the literature of Armendariz
and weak Armendariz rings, the set of nilpotent elements forms an ideal. We may think that this
is true for weak Armendariz rings or at least Armendariz rings, but this is not the case, and we
provide a counterexample in the case of Armendariz rings. If the set of nilpotent elements forms
an ideal, then it is easy to see that the ring is weak Armendariz, and in fact satisfies a stronger
condition, that if the product of two polynomials has coefficients in the set of nilpotent elements,
then the product of the coefficients of the polynomials is also nilpotent. We use this to define a
new class of rings strengthening a little the condition for weak Armendariz rings. We call these
rings nil-Armendariz rings. Most of the results found in [4] for weak Armendariz rings can be
extended to nil-Armendariz rings using similar techniques.
We prove that if R is a nil-Armendariz ring, then the set of nilpotent elements of R is a subring
without unit of R. This allows us to study the conditions under which the polynomial ring over
a nil-Armendariz ring is also nil-Armendariz. These conditions are strongly connected to the
question of Amitsur of whether or not a polynomial ring over a nil ring is nil. Since this problem
was solved in the negative by Agata Smoktunowicz in [5], we are able to provide examples in
both directions.
2. Nil-Armendariz rings
We will assume that all rings are associative and unitary; subrings of a ring need not have
the same unit, and subrng will denote a subring without unit. If R is a ring, nil(R) denotes
the set of nilpotent elements in R, R[x] denotes the polynomial ring over R, and if f (x) ∈ R[x],
coef(f (x)) denotes the subset of R of the coefficients of f (x). Finally if A ⊆ R[x], then coef(A)
is the set of all the coefficients of all polynomials in A.
Recall that by [2, Lemma 1] reduced rings are Armendariz. We can prove a similar condition
in the case that the set of nilpotent elements forms an ideal.
Proposition 2.1. Let R be a ring such that nil(R)R. Then if f (x)g(x) ∈ nil(R)[x], ab ∈ nil(R)
for all a ∈ coef(f (x)) and b ∈ coef(g(x)).
Proof. Observe that R/nil(R) is reduced and hence Armendariz. Suppose f (x)g(x) ∈ nil(R)[x].
Then, if we denote by f¯ (x), g¯(x) the corresponding polynomials in R/nil(R)[x], f¯ (x)g¯(x) = 0¯.
Since R/nil(R) is Armendariz, ab = 0¯ for all a¯ ∈ coef(f¯ (x)) and b¯ ∈ coef(g¯(x)). Hence ab is
nil for all a ∈ coef(f (x)) and b ∈ coef(g(x)). 
Liu and Zhao give the following generalization of Armendariz rings.
Definition 2.2. (See [4, Definition 2.1].) A ring R is said to be weak Armendariz if whenever two
polynomials f (x), g(x) ∈ R[x] satisfy f (x)g(x) = 0 then ab ∈ nil(R) for all a ∈ coef(f (x))
and b ∈ coef(g(x)).
Clearly, Armendariz rings are weak Armendariz. We now present here a stronger condition,
given by the property obtained in Proposition 2.1.
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R[x] satisfy f (x)g(x) ∈ nil(R)[x] then ab ∈ nil(R) for all a ∈ coef(f (x)) and b ∈ coef(g(x)).
Observe that if nil(R)R, then by Proposition 2.1, R is nil-Armendariz. More generally we
obtain the following.
Proposition 2.4. Let R be a ring and I  R a nil ideal. Then R is nil-Armendariz if and only if
R/I is nil-Armendariz.
Proof. We denote R¯ = R/I . Since I is nil, then nil(R¯) = nil(R). Hence f (x)g(x) ∈ nil(R)[x] if
and only if f¯ (x)g¯(x) ∈ nil(R¯)[x]. And, if a ∈ coef(f (x)) and b ∈ coef(g(x)), then ab ∈ nil(R)
if and only if a¯b¯ ∈ nil(R¯).
Therefore R is nil-Armendariz if and only if R¯ is nil-Armendariz. 
It is clear that nil-Armendariz rings are weak Armendariz, but it is not straightforward to
see that Armendariz rings are nil-Armendariz and hence that nil-Armendariz rings represent a
generalization of those. First we need a couple of lemmas. The first one is known for Armendariz
rings (see [3, Proposition 1]) but it is not clear that a similar result holds for weak Armendariz
rings.
Lemma 2.5. Let R be a nil-Armendariz ring and n  2. If f1(x), f2(x), . . . , fn(x) ∈ R[x]
such that f1(x)f2(x) · · ·fn(x) ∈ nil(R)[x] then if ak ∈ coef(fk(x)) for k = 1, . . . , n, we have
a1a2 · · ·an ∈ nil(R).
Proof. The proof is essentially the same as in [3, Proposition 1].
We use induction on n. The case n = 2 is clear by definition of nil-Armendariz ring.
Suppose n > 2. Consider h(x) = f1(x) · · ·fn−1(x).
Then h(x)fn(x) ∈ nil(R)[x] and hence, since R is nil-Armendariz ahan ∈ nil(R) where ah ∈
coef(h(x)) and an ∈ coef(fn). Therefore, for all an ∈ coef(fn(x)),
f1(x) · · ·fn−2(x)
(
fn−1(x)an
)= h(x)an ∈ nil(R)[x],
and by induction, since the coefficients of fn−1(x)an are an−1an where an−1 is a coefficient of
fn−1(x), we obtain a1a2 · · ·an−1an ∈ nil(R) for ak ∈ coef(fk(x)), k = 1, . . . , n. 
Lemma 2.6. If R is an Armendariz ring then nil(R)[x] ⊆ nil(R[x]).
Proof. Suppose R is an Armendariz ring. Let f = a0 + a1x + · · · + anxn ∈ nil(R)[x], and let
k > 1 such that aki = 0 for all i = 0, . . . , n. We claim that f (x)(n+1)k = 0.
The coefficients of f (x)(n+1)k can be written as sums of monomials of length (n + 1)k in
the ai ’s. Consider one of these monomials, ai1ai2 · · ·ai(n+1)k where 0 ij  n. It must contain at
least k occurrences of some aj0 for some 0  j0  n. Suppose air1 = · · · = airk = aj0 for some
1 r1 < · · · < rk  (n + 1)k. For all is = irt , let
f ′ (x) = 1 − ais x and f ′′(x) = 1 + ais x + · · · + ak−1xk−1.is is is
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is
(x) = 1 and that ais is a product of coefficients of f ′is (x) and f ′′is (x). Now,
we can write the monomial as
ai1ai2 · · ·air1−1aj0air1+1 · · ·air2−1aj0 · · ·airk−1aj0airk+1 · · ·ai(n+1)k .
By replacing each ais by the product f ′is (x)f
′′
is
(x), and since akj0 = 0, we have that
f ′i1(x)f
′′
i1
(x) · · ·f ′′ir1−1(x)aj0f
′
ir1+1
(x) · · ·f ′′irk−1(x)aj0f
′
irk+1(x) · · ·f
′′
i(n+1)k (x) = 0.
Now, since R is Armendariz, by [3, Proposition 1], we can choose a coefficient from each of the
polynomials in the last equality and the product will be 0. Hence ai1ai2 · · ·ai(n+1)k = 0. Therefore,
we have proved that all the monomials appearing in the coefficients of f (x)(n+1)k are 0. Hence
f (x) ∈ nil(R[x]). 
Proposition 2.7. If R is an Armendariz ring then R is nil-Armendariz.
Proof. Suppose f (x), g(x) ∈ R[x] such that f (x)g(x) ∈ nil(R)[x].
Since R is Armendariz, by Lemma 2.6, f (x)g(x) is nilpotent and there exists k  1 such that
(f (x)g(x))k = 0. Hence, since R is Armendariz, for all a ∈ coef(f (x)) and b ∈ coef(g(x)), by
choosing the corresponding coefficient in each polynomial, we have abab . . . ab = 0 and thus,
ab ∈ nil(R). Therefore R is nil-Armendariz. 
Hence nil-Armendariz rings stand as a generalization of Armendariz rings and a particular
case of weak Armendariz rings. As for those rings, the property of being nil-Armendariz clearly
passes to subrings and in fact most of the results proved by Liu and Zhao in [4] can be proved
for nil-Armendariz rings with almost the same proof. For example, they prove that a ring R is
weak Armendariz if and only if, for any n, the upper triangular matrix ring Tn(R) is also weak
Armendariz. By observing that
nil
(
Tn(R)
)=
⎛
⎝nil(R) R R0 . . . R
0 0 nil(R)
⎞
⎠ ,
a similar proof yields
Proposition 2.8. Let R be a ring. Then R is nil-Armendariz if and only if, for any n, Tn(R) is
nil-Armendariz.
The same idea can be used to prove the following.
Proposition 2.9. Let R1, R2 be rings and R1MR2 an (R1,R2)-bimodule. Then
T =
(
R1 M
0 R2
)
is nil-Armendariz if and only if R1,R2 are nil-Armendariz.
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Liu and Zhao prove that nil(R) is an ideal and that semicommutative rings are weak Armendariz.
Hence, by Proposition 2.1, semicommutative rings are also nil-Armendariz.
In fact, we do not know of any example of a weak Armendariz ring that is not nil-Armendariz.
Question 1. If R is a ring, does R weak Armendariz ⇒ R nil-Armendariz?
3. The structure of nil(R)
If R is an Armendariz ring we can easily see, using similar ideas as above, that the set of
nilpotent elements is multiplicative. This is also true for nil-Armendariz rings; in fact, we will
see that the set of nilpotent elements forms a subrng.
Lemma 3.1. Let R be a nil-Armendariz ring.
(a) If a, b are nilpotent, then ab is nilpotent.
(b) If a, b, c are nilpotent, then (a + b)c and c(a + b) are nilpotent.
(c) If a, b, c are nilpotent, then a + bc is nilpotent.
(d) If a, b are nilpotent, then a − b is nilpotent.
Proof. (a) Suppose a, b are nilpotent and bm = 0. Then
(a − abx) · (1 + bx + b2x + · · · + bm−1xm−1)= a ∈ nil(R)[x].
Since R is nil-Armendariz, ab ∈ nil(R).
(b) Suppose a, b, c are nilpotent and an = bm = 0. Then
(
1 + · · · + an−1xn−1)(1 − ax)(1 − bx)(1 + · · · + bm−1xm−1)c = c.
If we multiply the polynomials in the middle, we obtain
(
1 + · · · + an−1xn−1)(1 − (a + b)x + abx2)(1 + · · · + bm−1xm−1)c = c.
Now, since R is nil-Armendariz, and c ∈ nil(R)[x], by Proposition 2.5, we can choose the ap-
propriate coefficients from each polynomial to obtain (a + b)c ∈ nil(R). Similarly we see that
c(a + b) ∈ nil(R).
(c) Suppose a, b, c are nilpotent. By (a), bc is nilpotent; and by (b), b(a+bc) is also nilpotent.
Hence
(1 − bx) · (c + (a + bc)x)= c + ax − b(a + bc)x2 ∈ nil(R)[x].
Now, since R is nil-Armendariz, 1 · (a + bc) = a + bc is nilpotent.
(d) Suppose a, b are nilpotent. Now by applying (c) several times we can see that, since a2,
a and −b are nilpotent, a2 − ab is nilpotent; hence a2 − ab − ba is nilpotent; hence a2 − ab −
ba + b2 is nilpotent. Therefore (a − b)2 is nilpotent, which means that a − b is nilpotent. 
From Lemma 3.1 we get
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Corollary 3.3. If R is an Armendariz ring, then nil(R) is a subrng of R.
We have seen that if nil(R) R, then R is nil-Armendariz. We may ask if this is true for all
(nil-)Armendariz rings, but in Example 4.8 we give an example of an Armendariz ring for which
nil(R) is not an ideal. We do not know if the converse to Theorem 3.2 is true.
Question 2. If R is a ring such that nil(R) is a subrng, is R nil-Armendariz?
We denote by Nil∗(R) and Nil∗(R) the upper and lower nilradicals respectively. If R is nil-
Armendariz, since nil(R) is a subrng, all nil one-sided ideals are contained in two-sided nil ideals.
Hence, all one-sided nil ideals are contained in the upper nilradical.
Lemma 3.4. If R is a nil-Armendariz ring with no nonzero nil ideals, then R is Armendariz.
Proof. By the previous observation, since R is nil-Armendariz, it does not contain any nonzero
nil one-sided ideals.
Suppose f (x), g(x) ∈ R[x] such that f (x)g(x) = 0. Let a ∈ coef(f (x)) and b ∈ coef(g(x)).
For all r ∈ R, since rf (x)g(x) = 0, R is nil-Armendariz, and ra ∈ coef(rf (x)), we have that
rab is nilpotent. Hence Rab is a nil one-sided ideal. Then Rab = {0} and thus ab = 0. Therefore
R is Armendariz. 
By Proposition 2.4 and the previous lemma, we obtain a new characterization of nil-
Armendariz rings.
Theorem 3.5. R is nil-Armendariz if and only if R/Nil∗ R is Armendariz.
This is certainly not true for the lower nil radical Nil∗ R as we see in Example 5.6.
In [6] it is proved that if e is a central idempotent, then R is Armendariz if and only if eR and
(1 − e)R are Armendariz. The same is proved for weak Armendariz rings in [4], and it is also
true for nil-Armendariz rings. Furthermore, Anderson and Camillo prove that Armendariz rings
are Abelian (i.e. all idempotents are central). By Proposition 2.8, it is clear that nil-Armendariz
rings need not be Abelian, but using the fact that nil(R) is a subrng, a lighter condition can be
obtained.
Proposition 3.6. If R is a nil-Armendariz ring and e is an idempotent, then, for all r ∈ R, er − re
is nilpotent. Furthermore ReR(1 − e)R is a nil ideal.
Proof. Let e = e2 ∈ R and r ∈ R. Then er(1 − e) and (e − 1)re are nilpotent elements. Hence,
by Theorem 3.2, er(1 − e) + (e − 1)re = er − re is also nil.
Now, since R/Nil∗(R) is Armendariz and thus Abelian, er − ere ∈ Nil∗(R). Hence ReR(1−
e)R is a nil ideal. 
For any nonzero ring R, M2(R) is not a nil-Armendariz ring, since its nilpotent elements do
not form a subrng, but we cannot expect all rings to have a structure similar to that of Proposi-
tion 2.9 as we see in Example 4.12.
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In [3], Anderson and Camillo prove that if R is a ring and n 2, then R[x]/(xn) is Armen-
dariz if and only if R is reduced.
We have seen that if I is a nil ideal and R/I is nil-Armendariz, then R is nil-Armendariz.
Hence, if R is a nil-Armendariz ring, then S = R[x]/(xn) is nil-Armendariz since xS is a nil
ideal and S/xS 
 R. Since semicommutative rings are nil-Armendariz, this generalizes [4, The-
orem 3.9].
Proposition 4.1. If R is a nil-Armendariz ring and n 1, then S = R[x]/(xn) is nil-Armendariz.
In order to give a noncommutative generalization of the results of Anderson and Camillo, we
will formally introduce a noncommuting nilpotent element to a ring. That is, given a field K and
a K-algebra A, we consider the ring coproduct
R = A ∗K K〈x | xn = 0〉
where K〈X | Y 〉 denotes the K-algebra generated by X and relations Y .
To study the Armendariz condition in the coproduct of rings, we will use the following lemmas
which most likely appear somewhere in the literature. We have not found a concrete reference for
them, but they are easily proved using the universal properties for quotient rings and coproducts
of rings. We thus omit the proofs.
Lemma 4.2. Let K be a field and let R1, R2 be K-algebras. Let Q = K[x] \ {0}. Then if D is
the quotient field of K[x], D = K(x) = Q−1K[x], we have
Q−1
(
R1[x] ∗K[x] R2[x]
)
 (Q−1R1[x]) ∗D (Q−1R2[x]).
Lemma 4.3. Let K be a field and R1,R2 be K-algebras. Then
R1[x] ∗K[x] R2[x] 
 (R1 ∗K R2)[x].
With these results, let R1 and R2 be K-algebras, Q = K[x] \ {0} and let D = K(x). Then
(R1 ∗K R2)[x] = R1[x] ∗K[x] R2[x] ⊂ Q−1
(
R1[x] ∗K[x] R2[x]
)= S1 ∗D S2
where Si = Q−1Ri[x]. Now, to study polynomials f (x), g(x) ∈ R1 ∗K R2[x] such that
f (x)g(x) = 0, we will study zero divisors in S1 ∗D S2. The key will be the following result
of Bergman for the units and zero divisors in a coproduct of rings over a field.
Lemma 4.4. (See [7, Corollary 2.16].) Let S1 and S2 be D-algebras over a field D such that
any one-sided invertible element of either S1 or S2 is two-sided invertible, and let S = S1 ∗D S2.
Then:
(a) The group of units of S is generated by the units of S1 and S2 together with elements of the
form 1 − γ δ where δ ∈ S and , γ ∈ Si for some i, such that γ = 0.
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Proposition 4.5. Let R1,R2 be K-algebras over a field K such that any one-sided invert-
ible element is two-sided invertible. Let R = R1 ∗K R2 and f (x), g(x) ∈ R[x] such that
f (x)g(x) = 0. Then there exists p(x) ∈ K[x], U,V subsets in some Ri[x] such that UV = {0},
and α(x),β(x) ∈ R[x], such that
p(x)f (x) ∈ R[x]Uα(x), p(x)g(x) ∈ β(x)VR[x],
and α(x)β(x) ∈ K[x]. Furthermore α(x),β(x) are a product of units in R1[x], units in R2[x],
elements in K[x] \ {0} and elements of the form h(x) − γ (x)δ(x)(x) where h(x) ∈ K[x] \ {0},
δ(x) ∈ R[x], γ (x), (x) are in some Rj [x] and (x)γ (x) = 0.
Proof. Let Q = K[x] \ {0}, D = K(x) = Q−1K[x] and Si = Q−1Ri[x]. We have seen that
R[x] ⊂ S = S1 ∗D S2. Furthermore, one-sided invertible elements in Si are two-sided invertible
if and only if Ri has this property. Hence we can apply Lemma 4.4 for the units and zero divisors.
Suppose that f (x), g(x) ∈ R[x] are such that f (x)g(x) = 0. Then there exists a unit α˜ ∈ S and
subsets U˜ , V˜ in some Si such that U˜ V˜ = {0}, f (x) ∈ SU˜ α˜ and g(x) ∈ α˜−1V˜ S. Since U˜ , V˜ can
clearly be chosen finite, by taking an appropriate common denominator, there exists p(x) ∈ K[x]
such that p(x)f (x) ∈ R[x]Uα(x), p(x)g(x) ∈ β(x)VR[x] where U,V are subsets of Ri[x]
such that UV = {0}, and α(x), β(x) are such that α(x)β(x) ∈ K[x]. Furthermore, α˜, α˜−1 are
generated by units in S1 and S2, and elements of the form 1 − γ˜ δ˜˜ where δ˜ ∈ S and γ˜ , ˜ are in
some Sj [x] and ˜γ˜ = 0; now α(x),β(x) can be written as a product of units in R1[x], units in
R2[x], elements in K[x]\{0} and elements of the form h(x)−γ (x)δ(x)(x) where h(x) ∈ K[x],
δ(x) ∈ R[x] and γ (x), (x) are in some Rj [x] and (x)γ (x) = 0. 
We will also need the following lemma.
Lemma 4.6. If R is a K-algebra over a field K , and f (x) ∈ R[x], then, for all p(x) ∈ K[x]\ {0},
there exists q(x) ∈ K[x] such that coef(f (x)) ⊆ coef(p(x)q(x)f (x)).
Proof. Let p(x) = xr(a0 + · · · + anxn) = xrp0(x) for some ai ∈ K , r, n  0 and a0 = 0. Let
M > deg(f (x)). Since K[x] is an Euclidean domain, there exist q(x),h(x) ∈ K[x] such that
p0(x)q(x) = 1 + xMh(x). Now,
coef
(
p(x)q(x)f (x)
)= coef(xrp0(x)q(x)f (x))
= coef(p0(x)q(x)f (x))
= coef(f (x) + xMf (x)h(x))
= coef(f (x))∪ coef(f (x)h(x)).
Thus, coef(f (x)) ⊆ coef(p(x)q(x)f (x)). 
We denote by U(R) the group of units of R.
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A ∗K K〈a | an = 0〉
is an Armendariz ring if and only if A is a domain with U(A) = K \ {0}.
Proof. Suppose first that A is a domain with U(A) = K \ {0}. Let R1 = A, R2 = K〈a | an = 0〉
and R = R1 ∗K R2. By [3, Theorem 5], R2 is Armendariz. Furthermore, it is easy to see that R2
satisfies the following property
∀α,β, γ, δ ∈ R2, if αβ = 0 and γ δ = 0 then αδ = 0 or γβ = 0. (1)
Now, suppose f (x), g(x) ∈ R[x] such that f (x)g(x) = 0 and f (x), g(x) = 0. Clearly R1,
R2 satisfy the conditions in Proposition 4.5. Hence there exists p(x) ∈ K[x], subsets U,V ⊆
Ri[x] and α(x),β(x) ∈ R[x] such that UV = {0}, p(x)f (x) ∈ R[x]Uα(x) and p(x)g(x) ∈
β(x)VR[x]. Furthermore, by Proposition 4.6, we may assume that
coef
(
f (x)
)⊆ coef(p(x)f (x)) and coef(g(x))⊆ coef(p(x)g(x)).
Since R1 is a domain, U,V ⊆ R2[x]. Since R2 is Armendariz and UV = {0}, for any u ∈ coef(U)
and v ∈ coef(V ), uv = 0. Now, observe that any coefficient of p(x)f (x) is a sum of elements
of the form ruα∗ where r ∈ R,u ∈ coef(U) and α∗ ∈ coef(α(x)) and that the coefficients in
p(x)g(x) are sums of elements of the form β∗vs where s ∈ R, v ∈ coef(V ) and β∗ ∈ coef(β(x)).
Hence the product of the coefficients of f (x) and g(x) will be sums of elements of the form
ruα∗β∗vs. We now study α∗β∗. Note that α(x),β(x) are products of units in R1[x], units in
R2[x], and elements of the form h(x) − γ (x)δ(x)(x) where h(x) ∈ K[x] \ {0}, γ (x), (x) ∈
R2(x) such that (x)γ (x) = 0 and δ(x) ∈ R[x]. Hence α∗β∗ will be in the subring generated
by the coefficients of polynomials in U(R1[x]), U(R2[x]), and elements of the form γ δ where
δ ∈ R and γ,  ∈ R2 such that γ = 0 (they are coefficients of polynomials γ (x), (x) ∈ R2[x]
such that (x)γ (x) = 0, and R2 is Armendariz). Observe that, by property (1), if we multiply
two of those elements, (γ δ)(γ ′δ′′), then the product is either 0 or ′γ = 0 and hence, again of
the same form. Finally, since R1 is a domain with U(R1) = K \ {0}, U(R1[x]) = K \ {0}.
Hence, α∗β∗ will be a sum of elements in K , R2 and elements of R2γ δR2 where γ,  ∈ R2
such that γ = 0. Since UV = {0} and R2 is commutative, ruKvs = 0 and ruR2vs = 0. Also,
since uv = 0 and γ = 0, by property (1) and the fact that R2 is commutative, uγ = 0 or v = 0.
In either case ruR2γ δR2vs = 0. Therefore R = A ∗K (K〈a | an = 0〉) is Armendariz.
Now suppose A ∗K (K〈a | an = 0〉) is Armendariz.
If A is not a domain, then let α,β ∈ A \ {0} such that βα = 0. Let b = ar such that b2 = 0 and
b = 0. Now
(b + bαbβx)(b − αbβbx) = 0,
but, by the normal form of the elements in a coproduct of rings, bαbβb = 0. Hence
A ∗K K〈a | an〉 is not Armendariz.
If U(A) = K \ {0}, since K \ {0} ⊆ U(A), let u ∈ U(A) \ K . As before, let b = ar such that
b = 0 and b2 = 0. Then
(
bu−1 − bu−1bx)(ub + bubx) = 0,
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A ∗K K〈a | an〉 is not Armendariz. 
We now give some new examples of Armendariz and nil-Armendariz rings.
If K is a field and n 2 the ring R = K〈a, b | an = 0〉, can be written as K[b] ∗K K〈a | an =
0〉. Clearly, nil(R) is not an ideal in R. Now, since K[b] is a domain and U(K[b]) = K \ {0},
R is Armendariz by the previous theorem.
Example 4.8. Let K be a field and n 2. Then
R = K〈a, b | an = 0〉
is an Armendariz ring such that nil(R) is not an ideal.
In [6], Huh, Lee and Smoktunowicz give an example of an Armendariz ring which is not
semicommutative. The ring K〈a, b | an = 0〉 also provides such an example, since aan−1 = 0,
but aban−1 = 0, and is thus not semicommutative.
By using Proposition 2.8 and the particular form of nilpotent elements in these rings, we can
find more examples.
Example 4.9. Let R = K〈a, b | an = 0〉 as in Example 4.8. Then, T2(R) is a nil-Armendariz ring
that is not Armendariz and such that nil(T2(R)) is not an ideal.
Cohn, in [8], defines a reversible ring as a nonzero ring in which ab = 0 implies ba = 0. It
is easy to see that reversible rings generalize semicommutative rings, and they are studied in
connection to Armendariz rings in [9]. There we find examples of semicommutative rings which
are not reversible and which are also Armendariz. The previous construction allows us to give
more examples.
Example 4.10. Let K be a field. Then
R = K〈a, b | ab = 0〉
is a semicommutative Armendariz ring which is not reversible.
Proof. Consider the following K-algebra morphism,
ϕ :K〈a, b | ab = 0〉 → K〈a, b ∣∣ a2 = 0〉,
a → ba,
b → ab.
ϕ is clearly a monomorphism. Hence K〈a, b | ab〉 can be viewed as a subring of K〈a, b | a2 = 0〉
which is Armendariz by Example 4.8. Hence K〈a, b | ab = 0〉 is also Armendariz.
It is clear that R = K〈a, b | ab = 0〉 is not reversible. We claim that R is semicommu-
tative. Suppose we have α,β ∈ R \ {0} such that αβ = 0. Then R has a K-basis consisting
of elements of the form bnam where n,m  0. Hence we can write α = α′(b) + α′′a and
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tively. Let α′(b) =∑ni=0 λibi , β ′(a) =∑mj=0 μjaj . Suppose that α′(b),β ′(a) = 0, and let i0, j0
be the least nonnegative integers such that λi0 and μj0 are nonzero. Then, in the product
αβ = α′(b)β ′(a) + α′(b)bβ ′′︸ ︷︷ ︸
∈bi0+1R
+α′′aβ ′(a)︸ ︷︷ ︸
∈Raj0+1
,
the coefficient of bi0aj0 is clearly λi0μj0 which is nonzero and hence αβ = 0. Therefore α′(b) = 0
or β ′(a) = 0. Suppose that α′(b) = 0. Since α = 0, α′′ = 0. Now αβ = α′′aβ ′(a) which is clearly
nonzero if β ′(a) = 0. Hence both α′(b),β ′(a) = 0. That is, α ∈ Ra and β ∈ bR. Now, clearly,
αRβ = {0}. 
In the next example we see that by formally inverting an element in an Armendariz ring (see
Example 4.8), the resulting ring need not be Armendariz.
Example 4.11. Let K be a field. Then
R = K〈a, a−1, b ∣∣ b2 = 0, a−1a = 1, aa−1 = 1〉
is not Armendariz.
Proof. R can be expressed as R1 ∗K K〈b | b2 = 0〉, where R1 = K[a, a−1]. Hence, by Theo-
rem 4.7, since a ∈ U(R1) \ K , it is not Armendariz. 
Example 4.12. Let K be a field and let R = K〈a | a2 = 0〉. Then the ring
T =
(
R aR
aR R
)
is nil-Armendariz.
Proof. Clearly, nil(T ) = aM2(R)  T and hence, by Proposition 2.1, T is a nil-Armendariz
ring. 
5. Polynomial rings over nil-Armendariz rings
Anderson and Camillo in [3, Theorem 4] prove that a ring R is Armendariz if and only if the
polynomial ring R[x] is Armendariz. Furthermore, the Armendariz condition is linked to many
annihilator conditions being preserved in the polynomial ring. For example, Kim and Lee, in [10],
prove that if R is an Armendariz ring, then R is a Baer ring if and only if R[x] is. Also, they prove
that R is a p.p. ring if and only if R[x] is. Hong et al., in [11], prove that if R is an Armendariz
ring, then R is a zip ring if and only if R[x] is. In [4], Liu and Zhao ask whether polynomial rings
over weak Armendariz rings are weak Armendariz. They give a positive answer in the particular
case of R being a semicommutative ring. Giving a partial solution to the previous question, we
will address the problem of whether R[x] is nil-Armendariz when R is nil-Armendariz which
will be related to a classical problem by Amitsur, and will give positive and negative results
according to that problem.
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Proof. Suppose f (x) ∈ nil(R[x]) and f (x)m = 0. By Proposition 2.5, we have that a1 · · ·am ∈
nil(R) where ai ∈ coef(f (x)) for i = 1, . . . ,m. In particular, for every a ∈ coef(f ), am is nilpo-
tent. Therefore a ∈ nil(R) for all a ∈ coef(f (x)) and hence f (x) ∈ nil(R)[x]. 
In Lemma 2.6 we have seen the other inclusion for Armendariz rings, hence we have proved
Corollary 5.2. If R is an Armendariz ring then nil(R)[x] = nil(R[x]).
In general, for nil-Armendariz rings, we can prove the following
Theorem 5.3. Let R be a nil-Armendariz ring. Then, R[x] is nil-Armendariz if and only if
nil(R[x]) = nil(R)[x].
Proof. If R[x] is nil-Armendariz, by Theorem 3.2, we have that nil(R[x]) is a subrng of R[x].
Clearly nil(R)xk is nil for any k  0 and thus nil(R)[x] ⊆ nil(R[x]). Now, since R is a subring of
R[x], it is nil-Armendariz and, by Lemma 5.1, we have the other inclusion. Hence nil(R[x]) =
nil(R)[x].
Now suppose that nil(R[x]) = nil(R)[x]. The idea of the proof comes from the proof of [3,
Theorem 4]. Let f (y), g(y) ∈ (R[x])[y] such that f (y)g(y) ∈ nil(R[x])[y]. If
f (y) = f0 + f1y + · · · + fnyn where fi =
si∑
k=1
fikx
k,
g(y) = g0 + g1y + · · · + gmym where gj =
tj∑
l=1
fjl x
l,
and M > max{si, tj }i,j , then, by evaluating at xM , we obtain polynomials f˜ (x) = f (xM) and
g˜(x) = g(xM) whose coefficients are all the fik ’s and gjl ’s. Also, since nil(R[x]) = nil(R)[x],
f˜ (x)g˜(x) ∈ nil(R)[x]. Since R is nil-Armendariz, fikgjl ∈ nil(R). Now, since nil(R) is a subring
of R, we have that figj ∈ nil(R)[x]. Finally, since nil(R)[x] = nil(R[x]), figj is nilpotent. 
We can define both Armendariz and nil-Armendariz rings for rings without unit, although
most of the results we have proved need not be true, since we have strongly used the existence
of a unit. But clearly, if R is a nil ring, then R is nil-Armendariz. Furthermore, adjoining a unit,
the ring R1 = Z+ nil(R) (K + R if R is a K-algebra) satisfies nil(R1) = R  R1 and is thus
nil-Armendariz by Proposition 2.1. Hence, by Theorem 5.3, the question of whether nil(R[x]) =
nil(R)[x] for nil-Armendariz rings is equivalent to the question of whether polynomial rings over
nil rings are nil. Amitsur, in [12], proved that this is true for K-algebras over uncountable fields.
But recently, Agata Smoktunowicz, in [5], has proved that the result is not true for algebras over
countable fields.
By using both the results of Amitsur and Smoktunowicz, we can prove the following:
Theorem 5.4. If R is a nil-Armendariz algebra over an uncountable field K , then R[x] is also
nil-Armendariz.
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Since K is uncountable, nil(R[x]) = nil(R)[x], and hence, by Theorem 5.3 R[x] is nil-
Armendariz. 
Example 5.5. For any countable field K , there exists a K-algebra R which is nil-Armendariz
and such that R[x] is not nil-Armendariz.
Proof. Let R0 be the nil K-algebra constructed by Agata Smoktunowicz in [5] such that R0[x]
is not nil. Let R = K + R0. Clearly nil(R) = R0  R and hence R is nil-Armendariz. By The-
orem 5.3, R[x] is nil-Armendariz if and only if nil(R[x]) = nil(R)[x], i.e., R0[x] is nil. Hence
R[x] is not nil-Armendariz. 
Example 5.6. Let R be a nil-Armendariz ring such that R[x] is not nil-Armendariz. Then R¯ =
R/Nil∗ R is not Armendariz.
Proof.
Otherwise, suppose R¯ is Armendariz. Since Nil∗(R[x]) = Nil∗(R)[x], we have that
R[x]/Nil∗
(
R[x])
 R¯[x].
Since R¯ is Armendariz, R¯[x] is also Armendariz by [3, Theorem 4]. Now, since Nil∗(R) is nil,
by Proposition 2.4, R[x] is nil-Armendariz, a contradiction. 
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